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A basic result about the dynamics of spinless quantum systems is that the Maryland model
exhibits dynamical localization in any dimension. Here we implement mathematical spectral theory
and numerical experiments to show that this result does not hold, when the 2-dimensional Maryland
model is endowed with spin 1/2 – hereafter dubbed spin-Maryland (SM) model. Instead, in a family
of SM models, tuning the (effective) Planck constant drives dynamical localization–delocalization
transitions of topological nature. These transitions are triggered by the self-duality, a symmetry
generated by some transformation in the parameter – the inverse Planck constant – space. This
provides significant insights to new dynamical phenomena such as what occur in the spinful quantum
kicked rotor.
I. INTRODUCTION
The dynamics of complex quantum systems is cur-
rently a very active area of research. The quantum kicked
rotor (QKR) [1, 2] – a rotating particle subject to time-
periodic “kicks” – is a paradigmatic model, which has
played a key role in the development of this field; more-
over, it has allowed for experimental realizations [3–5].
A prototypical feature of the QKR is dynamical localiza-
tion [1]: though the classical version of the QKR exhibits
unbounded chaotic diffusion in momentum space [6], the
QKR momentum remains bounded in time. Thorough
investigations of the analogy [2] between dynamical lo-
calization and Anderson localization in disordered solids
have given rise to a highly interdisciplinary field; see
Refs. [3–5, 7, 8] for reviews of different aspects. Sev-
eral variants of the QKR have been examined, including
2-dimensional (2D) versions [9] and 1-dimensional (1D)
versions with spin [10]. Such variants did not command
major changes of the general picture of dynamical local-
ization. A surprising result has been instead observed
with a recent 2D variant endowed with spin 1/2 [11, 12].
By tuning the Planck constant ~e, a sequence of dynam-
ical transitions arise. At certain critical values of ~e the
wavepacket spreads diffusively, leading to dynamical de-
localization, while in between different critical values dy-
namical localization persists. This phenomenon is re-
mindful of the integer quantum Hall effect (IQHE) [13],
with which it shares the phase diagram and the univer-
sality class of phase transition [14, 15]. In particular,
dynamical localization corresponds to a quantum Hall in-
sulator, with a topological angle emerging from a super-
symmetric field-theoretic description of the spinful QKR,
and the dynamical localization–delocalization transition
corresponds to the Hall plateau transition. This find-
ing suggests that spin is a seed for a wealth of novel
dynamical phenomena, which have deep connections to
topological quantum matter but go beyond the Thouless-
Kohmoto-Nightingale-den Nijs-like topological theory for
various driven quantum systems [16–20].
A fundamental difficulty in assimilating dynamical lo-
calization to Anderson localization is the absence of ran-
domnness/disorder in QKR. Appeal has been made to
a pseudorandom character [21] of the eigenphases of free
rotation, and/or to a chaotic nature of the early QKR ro-
tor evolution [7, 22, 23], inherited from the classical limit.
However it is now generally acknowledged, that quantum
localization is a general phenomenon, of which Anderson
and dynamical localization are different occurrences. Im-
portant in this sense has been a modification of the orig-
inal QKR, the so-called Maryland model [24, 25], where
the free Hamiltonian is linear in momentum, and not
quadratic, as it is in the QKR [26]. Due to this difference,
pseudo-randomness is replaced by quasi-periodicity, and,
moreover, the model is classically integrable [27]. That
notwithstanding, quantum localization still survives, mo-
tivating taking the model as a basis to study some new
problems in condensed matter [28, 29]. However this lo-
calization is in a more elementary form. In particular,
it is not a quantum interference effect, so it cannot be
described by the scaling theory of Anderson localization
and dynamical localization in QKR [22, 23, 30–32].
In this paper, we present a SM model that, like its spin-
less ancestor, though bearing no analogies to crystals, is
neither pseudo-random nor chaotic and thus is very dif-
ferent from spinful QKR. We show that a family of SM
models preserve some aspects of the similarity between
IQHE on the one side and 2D, spin-1/2 QKR on the
other. Notably, dynamical localization–delocalization
transitions appear at half-integer ~−1e ≡ α/pi, indicat-
ing a deeper origin of that similarity. We find that such
transition arises from a self-duality. That is, SM systems
on one side of a critical point, labelled by the parameter
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2α, can be one-to-one mapped onto SM systems on the
other side via a unitary transformation, so that they are
in a “duality” relation; at the critical point the system
is mapped onto itself, i.e. it is self-dual, and as such it
bears an emergent unitary symmetry. Thus this tran-
sition resembles a very recent discovery of topological
sound waves in self-dual mechanical systems [33].
Unlike the original Maryland model, the SM model has
no classical limit (~e → 0); nevertheless both models are
equivalent to certain classical dynamical systems, which
belong to the family of so-called skew products [34]. In
particular, the SM model is equivalent to a class of skew-
product on T2 × SU(2), which has attracted significant
mathematical attention [35–38]. We also show that the
observed transition finds a counterpart in the equivalent
classical system: at critical α the deviation of initially
close trajectories grows in time t as ∝ √t asymptotically,
while at noncritical α the growth of the deviation satu-
rates at long time.
The rest of the paper is organized as follows. In Sec. II
we first define the SM model. Then we show that, for any
~e, this model has an equivalent classical dynamical sys-
tem, and thus the SM model can be viewed from both a
quantum and a classical viewpoint. A summary of main
reults follows. In Sec. III we present numerical results.
In Sec. IV we develop the spectral theory of SM models
and study its dynamical implications, which provide a
theoretical basis for the numerical findings. In Sec. V we
show that transport associated to the quantum picture
of SM models is fully equivalent to trajectory stability
associated to the classical picture of SM models, and de-
rive a result used in Sec. IV. The technical proofs of the
mathematical results claimed in Sec. IV are shuffled to
Sec. VI. We conclude with Sec. VII. Some additional
information are provided in Appendixes.
II. SM MODEL AND SUMMARY OF MAIN
RESULTS
A. Definitions and basic properties
We start with a description of the SM model. Con-
sider a spin 1/2 quantum particle moving on a 2-torus
T2 (i.e., a 2-rotor), with a constant angular velocity
ω ≡ (ω1, ω2). The particle’s angular coordinates are de-
noted by θ ≡ (θ1, θ2), and their conjugate momentum
operators are denoted ~eN ≡ −i~e(∂θ1 , ∂θ2). The state
vector of the particle at time t is a spinor with two com-
plex components,
ψt(θ) =
(
ψ1,t(θ)
ψ2,t(θ)
)
, (1)
which belongs to the Hilbert space H ≡ L2(T2) ⊗ C2.
The particle is kicked periodically in time; with the pe-
riod set to unity, at all integer times t ∈ Z it under-
goes instantaneous pulses, or kicks, that prompt sudden
jumps of its momentum and simultaneously rotate its
spin in a way, that depends on the angular coordinates.
Such kicks are produced by switching on an external “po-
tential” V (θ) =
∑3
k=1 Vk(θ)σk. Here σk are the Pauli
matrices and the Vk are some functions T2 → R. The
quantum dynamics follows the Schro¨dinger equation:
i~e∂tψt(θ) = H(t)ψt(θ) , (2)
H(t) = ~eω ·N + V (θ)
∑
s∈Z
δ(t− s).
The first term of the Hamiltonian H(t) corresponds to
rotation over the torus T2 with constant angular veloc-
ity and the second to the kick. The dynamics from im-
mediately after a kick to immediately after the next is
described by:
∀t ∈ Z : ψt+1(θ) = Uα,ωψt(θ), Uα,ω := MαTω, (3)
which defines the Floquet operator Uα,ω. Here Tω is
the translation operator: Tωψ(θ) ≡ ψ(τ−1ω θ) where τω :
θ 7→ θ+ω is translation by ω along the torus T2. Instead
Mα = e
−iαpiV (θ) is a smooth map T2 → SU(2); so V (θ) is
a smooth map from T2 to the 2× 2 self-adjoint matrices
with null trace. It will be assumed to have a constant
Hilbert-Schmidt norm such that tr(V (θ)2) = 2pi2 , so it
can be written in the general form:
V (θ) = pi
3∑
k=1
dk(θ)σk , (4)
which with some abuse of notation will be con-
cisely written in the form pid(θ) · σ. Here d(θ) =
(d1(θ), d2(θ), d3(θ)) is a fixed map from T2 to the unit
real 2-sphere S2. Equation (2) or its discrete-time version
Eq. (3) define our general SM model.
The following basic property will be extensively used
in the following:
ρMαρ
† = Mα, ρUα,ωρ† = Uα,ω (5)
where ρ is the standard time-reversal operator for spin-
1/2 particles; ρ := −iσ2C (where C denotes complex
conjugation in the coordinate representation). It is the
antiunitary map that is defined in H by
ρ :
(
ψ1
ψ2
)
7→
( −ψ2
ψ1
)
(6)
The ordinary Maryland model [24, 25] is recovered from
the present one, whenever the potential V (θ) is invari-
ant under spin rotations, i.e., V (θ) does not couple the
angular and spin degrees of freedom. As shown below,
thanks to this difference the SM model exhibits a much
more intriguing phenomenology than the ordinary Mary-
land model.
On the other hand, the SM model crucially differs from
the spinful QKR [11, 12] in that its free Hamiltonian
between kicks is linear in n1, while for the spinful QKR
the free Hamiltonian is quadratic in n1. It is well known
that kicked systems with a quadratic free Hamiltonian
may exhibit a chaotic behavior (in some sense), which
cannot be observed with a linear one.
3B. Equivalent classical system
Thanks to the linear momentum dependence of the free
Hamiltonian, the SM model Eq. (3), though of quantum
origin, can be translated into a classical dynamical sys-
tem, with the usual technical meaning, i.e. a discrete
time dynamics which is generated by iterating a measure
preserving transformation in some phase space. Though
mathematically trivial, this quantum-classical juxtaposi-
tion illustrates that in SM models wavepacket propaga-
tion and motion along phase-space trajectories are equiv-
alent pictures of the same dynamics. The phase space is
Ω ≡ T2 × C21, where C21 denotes the unit sphere in C2,
and the map is defined as follows:
Sα,ω : (θ,φ) 7→ (τωθ,Mα(τωθ)φ) . (7)
This map preserves the natural measure dµ that is de-
fined in Ω by the product of the Lebesgue measure dm on
T2, normalized to unity, and the uniform measure on C21
[or equivalently the Haar measure on SU(2)]. In math-
ematical terms the map described by Eq. (7) defines a
skew product action of SU(2) [35–38]. The correspond-
ing Perron-Frobenius operator, denoted by Uα,ω, acts on
functions F ∈ H ≡ L2(Ω, dµ) as follows:
Uα,ωF (θ,φ) = F (S−1α,ω(θ,φ))
= F (τ−1ω θ , Mα(θ)
−1φ) . (8)
It preserves the scalar product in H, i.e. ∀F ′, F ′′ ∈ H,
〈F ′|F ′′〉H :=
∫
Ω
dµ(θ,φ) F ′(θ,φ)F ′′(θ,φ)
= 〈Uα,ωF ′|Uα,ωF ′′〉H . (9)
The actual link between the “quantum” SM model and
its “classical” equivalent is as follows. Given a ψ ∈ H,
let
Fψ(θ,φ) := ψ(θ) · φ. (10)
Here the dot denotes the canonical scalar product of vec-
tors in C2: ψ · φ := ψ1φ1 + ψ2φ2. Then
Uα,ωFψ(θ,φ) = Uα,ωψ(θ) · φ = Fψ′(θ,φ) , (11)
where ψ ′ = Uα,ω ψ. This equation formalizes the
quantum-classical juxtaposition within the same model.
It is important to emphasize that the quantum system (3)
and the classical dynamical system (7) are fully equiva-
lent, and the latter is not related to any notion of clas-
sical limit whatsoever: the subscript α – i.e. the inverse
Planck constant – in Sα,ω is a bookkeeping of this fact.
The existence of a classical equivalent of the SM model
implies that quantum interference does not play any role
in its phenomenology. As mentioned in the introduction,
the same is true for the original Maryland model, where
the observed localization is not related to the Anderson-
like dynamical localization that typically occurs in quan-
tum systems exhibiting chaotic diffusion in the classical
limit and results from quantum interference.
The spectral and dynamical properties of the SM mod-
els crucially depend on the arithmetic type of the triple
(ω1, ω2, pi). In particular, the following well-known fact is
of capital importance to the present work: the ω-shift τω
is ergodic in T2 whenever (ω1, ω2, pi) are an incommen-
surate triple of real numbers. More detailed arithmetic
properties of the triple play important spectral dynamical
roles; a few more comments on this theme are deferred to
Sec. IV C. However, for the purposes of the present paper
sheer incommensuration will be sufficient. From now on,
we shall always consider incommensurate triples, unless
explicitly mentioned otherwise.
C. Outline of main results
In this work we implement the quantum-classical jux-
taposition to investigate both mathematically and nu-
merically the dynamical properties of SM. In numerical
simulations, we used two different incommensurate fre-
quency vectors ω, which are specified in Sec. III B 1.
Upon expanding ψt(θ) in the 2D Fourier basis we move
from the θ-coordinate representation to the momentum
N -representation, where the SM dynamics can be pic-
tured as propagation of a quantum wavepacket over the
2D integer lattice Z2. This defines quantum transport for
the SM models in the same way as for the QKR [1] and
for the ordinary Maryland model [24, 25]. A basic probe
of the quantum transport associated with the evolution
of a state ψt from an initial state ψ0 is
Ej(ψt) := 〈ψt|n2j |ψt〉 = ‖∂θjψt‖2H, j = 1, 2
E(ψt) = E1(ψt) + E2(ψt), (12)
which characterizes how the wavepacket spreads in the
course of time. Like QKR systems [1, 2, 11, 12], this
probe provides an important link between SM models
and condensed matter systems. Notably, when E(ψt)
remains bounded as t → ∞, the wavepacket does not
spread at long time and remains localized in a finite re-
gion in momentum space; no quantum transport arises
and this simulates a quantum insulator in condensed
matter physics. When either or both E1,2(ψt) display un-
bounded growth, the wavepacket propagation is delocal-
ized; and if the asymptotic growth is linear in time, then
quantum diffusive transport arises, and this simulates
a quantum normal metal in condensed matter physics.
Such different transport properties are mirrored by the
spectral properties of the Floquet operators Uα,ω; a de-
tailed analysis is given in Sec. IV.
We will show that quantum transport in the SM mod-
els finds a “classical” counterpart in the stability of tra-
jectories, i.e. in the way initially close trajectories sep-
arate in time. This is a fundamental token in the the-
ory of classical dynamical systems, and a commonly ac-
cepted definition of ”chaos” applies whenever the diver-
gence of trajectories is exponentially fast. Specifically,
the quantum transport in momentum space, probed by
4E1,2(ψt) defined by Eq. (12), has an equivalent descrip-
tion in terms of the instability of trajectories (θt,φt) :=
Stα,ω(θ,φ) in the phase space Ω, in the following sense.
The (linear) stability of a trajectory (θt,φt) is determined
by the behavior in time of the derivatives ∂θjφt(θ,φ) with
j = 1, 2; see Sec. V, where we prove that if the initial
spinorψ0(θ) is localized at the origin of momentum space
then the quantum transport which is defined by Eq. (12)
is related to trajectory stability by:
Ej(ψ−t) =
∫
Ω
dµ(θ,φ) |∂θjφt(θ,φ)|2. (13)
Spectral implications of this result are presented in
Sec. IV C.
In this paper we study three different SM models.
Their Floquet operators Uα,ω share the general form de-
scribed in Sec. II A. Differences arise from the explicit
form of d(θ):
• SM Model I:
d(θ) = p(θ)(sin(θ1), sin(θ2), β(1− cos(θ1)− cos(θ2))),(14)
where p(θ) is the normalization factor, chosen such
that d(θ) is a unit vector, and β > 0 is a real
parameter.
• SM Model II:
d(θ) = p(θ)(sin(θ1), sin(θ2), const. 6= 0); (15)
• SM Model III:
d(θ) = p(θ)(sin(θ1), sin(θ2), cos(θ1) + cos(θ2))
ord(θ) = p(θ)(sin(θ1), sin(θ2), 0).
(16)
An important part of our study is how the transport
properties of such models depend on the parameter α.
In this respect, the following properties:
Uα+2pi,ω = Uα,ω , Uα+pi,ω = −Uα,ω (17)
which directly follow from the definition of Uα,ω, hold
true for all SM models; so, analysis of SM Models I, II,
III can be restricted to α ∈ [0, pi]. The three models share
certain symmetries, which are described in Sec. IV B.
A fundamental fact is that such symmetries in physi-
cal space give rise to a symmetry in parameter space;
notably, quantum SM systems whose α ∈ [0, pi] are sym-
metric with respect to pi/2 are in a “duality” relation [39].
This duality has strong spectral implications, as shown
in Sec. IV B. Besides, at α = pi/2 it forces the system to
be invariant under a unitary symmetry transformation
and thus to be self-dual.
The dynamical behaviors of the three SM models are
very different:
• SM Model I:
We find that for α ∈ [0, pi], on the left or on the right
of the critical point α = pi/2, both E1,2(ψt) remain
bounded in time, so the system is dynamically lo-
calized, and localization is exponential in momen-
tum space. At the critical point E1,2(ψt) ∝ t ap-
proximately, so the system is dynamically delocal-
ized. In the classical system, the deviation δt of
initially close trajectories grows as
√
t (approxi-
mately) at half-integer α/pi, whereas δt saturates
at long time away from the critical point. The
transition in quantum transport is thus mirrored
by a change of stability of classical trajectories. In-
terestingly, sublinear divergence of trajectories is
what one should expect if the classical SM model
were known to be ergodic; see Sec. V. We explain
delocalization at the critical value, proving that
self-duality is incompatible with dynamical local-
ization. As we will show in Sec.V, this dynami-
cal transition mirrors the transition in the spectral
structure of Floquet operator Uα,ω.
Moreover, it turns out that the dynamically lo-
calized phases which are separated by the critical
points can be obtained from topologically distinct
phases which are found in the spinful QKR [11, 12]
by deforming that QKR continuously into the con-
sidered SM.
• SM Model II:
As α varies, dynamical localization is always ob-
served.
• SM Model III:
As α varies, dynamical delocalization is always ob-
served except at integer α/pi, where dynamical lo-
calization trivially occurs because Mα = ±I there.
We see that, due to the presence of spin, SM mod-
els exhibit rich dynamical phenomena. This is in sharp
contrast to the ordinary Maryland model for which only
dynamical localization can occur. In addition, the Mary-
land model inherits dynamical localization from the in-
tegrability of the classical dynamics in the limit ~e → 0
[27]; this mechanism for dynamical localization does not
apply here, because the SM model is ill-defined in that
limit.
III. NUMERICAL EXPERIMENTS
In this section we describe numerical results about SM
Models I, II and III.
A. 1D equivalents
Direct numerical simulation of the 2D quantum evo-
lution requires a 2D Fourier basis. Thus it cannot be
pushed too far in time. This difficulty is greatly softened
by a trick which was first used in Ref. [40]. It consists in
replacing the 2D model described by Eq. (3) by two 1D
5models, which allow to separately compute E1,2(ψt) [ab-
breviated as E1,2(t) throughout this section]. This pos-
sibility crucially rests on the ω-shift τω in T2, namely,
the first term of H(t) given by Eq. (2), as we will show
below.
By performing the transformation:
Uα,ω → etω2∂θ2Uα,ωe−(t−1)ω2∂θ2
= Mα(θ1, θ2 + ω2t)e
−ω1∂θ1 =: U˜t,
ψt → etω2∂θ2ψt =: ψ˜t, (18)
we rewrite Eq. (3) as
ψ˜t = T
t∏
s=1
U˜sψ˜0, (19)
where T
∏
denotes a time-ordered product, with the in-
dex s increasing from right to left. In Eqs. (18) and (19),
θ2 is no longer a dynamical variable, rather it is an angu-
lar parameter. Thus the quantum evolution (19) is 1D.
When the 2D model is traded for such 1D model, we have
E1(t) = −〈〈ψ˜t|∂2θ1ψ˜t〉H˜〉θ2 , (20)
where the Hilbert space H˜ ≡ L2(T1) ⊗ C2 and 〈·〉θ2 de-
notes the average over θ2. The whole derivation is fully
symmetric with respect to the indices 1, 2, so similar
equations are obtained for E2(t) by just interchanging
indices in the above equations. Such equations will share
the same reference numbers.
Throughout this paper in both 1D and 2D simulations
we choose initial states which have only the spin-up (s =
1) component and are zero momentum state.
B. Dynamics of SM Model I
1. Quantum transport
The 1D quantum evolutions which are described by
Eqs. (19) were numerically simulated up to t = 108, using
1D Fast Fourier Transform (FFT) with a basis size 216 =
65536. The parameter β in Eq. (14) was set to 0.8. Two
different incommensurate frequency vectors were used:
ω = (1, 2pi/
√
5) and ω = (2pix, 2pix2), where x is the real
root of the equation x3 − x− 1 = 0 [41].
Results for E1(t) and E1(t)/t are shown in Fig. 1. Re-
sults for E2(t) are qualitatively similar. In (a) the cases
with α/pi = 0.3 and = 0.7 provide evidence of dynamical
localization, and are representative of what was observed
away from α/pi = 0.5. At α/pi = 0.5 or = 1.5 delocaliza-
tion was observed, with E1,2(t) increasing approximately
linearly in time. The α-dependence of E1(t)/t at fixed
time is shown in (b). The appearance of two sharp peaks
indicates that delocalization is confined to a narrow vicin-
ity of α/pi = 0.5 or = 1.5 . Comparison of plots of E1(t)/t
vs α/pi at fixed t, computed for different values of t, shows
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FIG. 1: Numerical experiments on SM Model I indicate a dy-
namical localization–delocalization transition at half-integer
α/pi. (a) shows that E1(t) grows diffusively at half-integer
α/pi while it saturates at long times away from these points.
(b) suggests a sharp transition at infinite time: the diffusion
coefficient is finite at half-integer α/pi while it vanishes away
from the critical points. ω = (1, 2pi/
√
5).
that as t increases the two peaks become sharper and
sharper, suggesting that they would eventually shrink
to two critical points: α/pi = 1/2 and 3/2. This indi-
cates a dynamical localization–delocalization transition
at half-integer α/pi. Note that these critical values of α
are independent of the choice of ω, so long as (ω, pi) is an
incommensurate triple. Moreover, the height of the two
peaks remains finite, so it yields a finite diffusion coef-
ficient E1(t)/t = O(1). The smallness of this coefficient
reflects the quantum nature of critical diffusion.
Results of numerical simulations of the full 2D dy-
namics, using 2D FFT, are shown in Fig. 2 by contour
plots of the quantity It(n1, n2) ≡ ψˆt(n1, n2) · ψˆt(n1, n2),
with ψˆt(n1, n2) the 2D Fourier coefficients of ψt(θ) . In
both the delocalized (a-d) and the localized (e-h) case
the wavepacket is seen to propagate in all directions in
the momentum space. However, neither diffusion nor lo-
calization are isotropic over the inspected range of times.
As the quantity It is plotted in a logarithmic scale, the
approximate equidistance of the level curves in (h) im-
plies exponential localization. Anisotropy of diffusion is
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FIG. 2: A plot of It(n1, n2) obtained from numerical experiments on SM Model I shows that within the inspected time range,
the wavepacket propagation is extended in momentum space for critical α/pi = 0.5 (a-d), while it is restricted to a finite domain
for noncritical α/pi = 0.7 (e-h). Moreover, the propagation is anisotropic in both cases. ω = (1, 2pi/
√
5).
confirmed over much longer times by the plots in Fig. 3,
which show both E1 and E2 vs time for two different
choices of ω. Diffusion in the n1 and in the n2 direction
follows different rates, which in turn depend on ω.
To explore the nature of the dynamical localization–
delocalization transition, we further carry out numerical
experiments on an auxiliary 1D quantum dynamical sys-
tem defined as follows:
ψˇt = T
t∏
s=1
Uˇsψˇ0,
Uˇt := e
−iαpˇ(θ1,θ2+ω2t)d(θ1,θ2+ω2t)·σe−iα(hen1)
γ
(21)
with ω2 the second component of the frequency vector ω
in SM models. Here d(θ) is the same as for SM Model I
with β = 0.8, and pˇ(θ) = 2pi arctan
K
p(θ) with K a strictly
positive parameter and p(θ) given by Eq. (14). In addi-
tion to K, this auxiliary model has one more strictly
positive parameter γ. The 1D equivalent (19) of SM
Model I adopted in the above numerical experiments cor-
responds to K = +∞, γ = 1, while a special spinful
QKR [42] that can exhibit a ~e-driven IQHE [11, 12] cor-
responds to finite K and γ = 2. Like the SM models,
the quantum dynamics of this system can be probed by
E1(t) = −〈〈ψˇt|∂2θ1ψˇt〉H˜〉θ2 .
Then we study how the α-profile of the diffusion co-
efficient limt→∞E1(t)/t depend on K, γ. For this pur-
pose we choose a continuous contour in the parameter
(K, γ) space along which the spinful QKR (K = 2, γ = 2)
adopted in previous numerical experiments [11, 12] is de-
formed into the SM Model I (K = +∞, γ = 1). The
contour consists of two pieces: (i) γ is fixed to be 2 while
K increases from 2 to +∞; then (ii) K is fixed to be +∞
while γ decreases from 2 to 1. We compute the α profile of
E1(t)/t at t = 10
6 for different (K, γ) along the contour.
Results are shown in Fig. 4. Obviously, along the piece (i)
of the contour every peak signalling the topological dy-
namical transition in the ~e-driven IQHE is pushed con-
tinuously towards the origin and eventually the mth peak
(counting from the left) arrives at α/pi = m − 12 when
K = +∞; along the piece (ii) the peaks are pinned and
their heights evolves continuously into those of the SM
Model I. As such, though the SM models and the spinful
QKR are very different, and though the supersymmet-
ric field theory which was developed for the spinful QKR
[11, 12] does not apply here, because of the absence of
fast and slow mode separation [43], the sequential dy-
namical localization–delocalization transitions exhibited
by SM Model I evolve – via the continuous change in
(K, γ) along the contour – smoothly from the ~e-driven
IQHE exhibited by the spinful QKR. Because in the lat-
ter a critical point separates two topologically distinct
phases, whose topological angles differ by 2pi, the tran-
sition observed in SM Model I is of topological nature.
However, it should be noted that the topological theory
for the spinful QKR cannot be applied here, because of
the lack of chaoticity in SM models.
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FIG. 3: Numerical experiments on SM Model I for different
frequency vectors ω = (1, 2pi/
√
5) (a) and ω = (2pix, 2pix2)
(see text for the value of x) (b) show that the critical diffusion
is anisotropic and the diffusion coefficients depend on ω.
2. Stability of trajectories of the equivalent classical
dynamics
The equivalent classical dynamics described by Eq. (7)
was numerically simulated up to t = 106 for different
values of α. To probe the stability of phase space tra-
jectories we compute the time profile of the deviation δt
of two trajectories which are initially close. Results are
shown in Fig. 5. Time profiles of (δt/δ0)
2 corresponding
to different α are shown in (a), for which the average
over initial conditions is performed, and the α profiles of
(δt/δ0)
2/t at different long times are shown in (b). We
see that, like E1,2(t), the long-time behavior of (δt/δ0)
2
is very sensitive to the value of α/pi: for half-integer α/pi
it grows unboundedly, implying that the classical trajec-
tory is unstable, whereas away from half-integer α/pi it
saturates at long times, implying that the classical tra-
jectory is stable.
Moreover, for half-integer α/pi the growth of (δt/δ0)
2
is linear (a). Corresponding to this, as time increases
the α profile of (δt/δ0)
2/t displays a sharp peak at half-
integer α/pi (b): limt→∞
(δt/δ0)
2
t is finite for half-integer
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FIG. 4: The dynamical transitions exhibited by SM Model
I evolve smoothly from the ~e-driven IQHE exhibited by the
spinful QKR. ω = (1, 2pi/
√
5).
α/pi and vanishes otherwise. Therefore, the dynamical
localization–delocalization transition in terms of quan-
tum transport is translated into a transition in the sta-
bility of classical trajectories. Remarkably, at the critical
point the deviation asymptotically grows approximately
like
√
t, which is dramatically different from both the ex-
ponential instability of trajectories in dynamical chaos
and the linear instability that is generic for Hamiltonian
integrable systems [44].
C. Dynamics of SM Model II
The same numerical procedures were repeated with the
constant in Eq. (15) set to unity. The observed dynam-
ical behaviors of SM Model II are totally different from
SM Model I. In particular, regardless of the value of α,
E1(t) always saturates at long times and the long-time
diffusion coefficient limt→∞
E1(t)
t always vanishes (not
shown). Thus, dynamical localization is always observed.
D. Dynamics of SM Model III
The same numerical procedures were repeated for SM
Model III with d3 = p(θ)(cos(θ1) + cos(θ2)) and d3 = 0,
respectively. The observed dynamics are totally oppo-
site to those of SM Model II. In particular, dynamical
delocalization is observed regardless of the value of α,
with the one exception of the points α/pi ∈ Z, for which
Uα,ω = ±Tω leading to trivial localization.
IV. SPECTRAL THEORY OF SM MODELS,
AND ITS DYNAMICAL IMPLICATIONS
In this section, spectral theory is used to explore the
mechanisms of various quantum dynamical phenomena
which were observed in numerical experiments on SM
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FIG. 5: Numerical experiments on SM Model I shows that
the dynamical localization–delocalization transition shown in
Fig. 1 is translated into a change in stability of classical tra-
jectories at half-integer α/pi. (a) The deviation of initially
close trajectories grows unboundedly at half-integer α/pi and
it saturates at long times away from these points. (b) As
t tends to infinity (δt/δ0)
2/t tends to a finite value at half-
integer α/pi while it tends to zero away from the critical point;
ω = (1, 2pi/
√
5).
models. Some rigorous mathematical results are pre-
sented, and their dynamical implications are discussed.
To prevent mathematical technicalities from obscuring
the overall physical picture, some proofs are shuffled to
Sec. VI.
A. Spectral properties of general SM models
We first discuss the spectral properties of general SM
models, without imposing any special features on the
Vk(θ). Such properties crucially depend on arithmetic
properties of the frequency vector ω. We always require
(ω1, ω2, pi) to be an incommensurate triple. A general re-
sult about the spectrum of the Floquet operator Uα,ω is
stated below, and is proven in Sec.VI. Exact operator-
theoretic terminology will be confined to those proofs, so
here we fix a few terms of a more informal language. The
spectrum of a unitary operator U in a Hilbert space H
consists of complex numbers of the form eiχ with χ ∈ R,
and it cannot be empty. The point spectrum of U is that
part of the spectrum which consists of proper eigenval-
ues, i.e., of eigenvalues which are associated with nor-
malizable eigenfunctions – if there are any. Such eigen-
values are a countable set at most, and the correspond-
ing eigenfunctions span a subspace Hp of H, which is
invariant under U ; so its orthogonal complement sub-
space Hc is also invariant under U . If Hp is not the
whole of H, then U , restricted to Hc, is still unitary, so
it has a spectrum, which by construction cannot contain
any proper eigenvalue. This is, in fact, the continuous
spectrum of U , and it can be informally pictured as the
set of generalized eigenvalues, which are associated with
eigenfunctions that are not normalizable, because they
are, in some sense, extended. The spectral type of U is
said to be pure, if either Hp or Hc is the whole H; in
the former case it is called pure point, and in the latter
case it is called purely continuous. The set of all proper
eigenvalues of U will be denoted Eig(U).
Proposition 1. The spectral type of Uα,ω is pure. If it
is pure point, then there is λ ∈ [0, pi] such that
Eig (Uα,ω) =
{
ei(±λ+n·ω)
}
n∈Z2
. (22)
In all cases, the spectrum is dense in the unit circle.
Remarks: (i) The point spectrum (22) can be degener-
ate only if it contains the eigenvalue eip·ω/2+inpi for some
n ∈ Z, p ∈ Z2, and then it is doubly degenerate. (ii)
The phase λ is not uniquely defined, because the same
set (22) can be generated with infinitely many different
choices of λ.
When a SM model is viewed in the classical picture,
as described by Eq. (8), its spectral analysis is based on
the Perron-Frobenius operator Uα,ω. The functions on
the phase space Ω which depend only on θ are a closed
subspace H0 of H, that can be identified with L
2(T2, dm).
This subspace is invariant under Uα,ω. In Sec. VI we
prove the following result:
Proposition 2. (i) The spectrum of Uα,ω in H0 is sim-
ple and pure point, with eigenphases n · ω where n ≡
(n1, n2) ∈ Z2. (ii) If the spectrum of Uα,ω is pure point
then the spectrum of Uα,ω in H is pure point, and
Eig (Uα,ω) =
{
ei(mλ+n·ω)
}
m,n1,n2∈Z
, (23)
where the parameter λ is the same as that in the spectrum
(22). (iii) If the spectrum of Uα,ω is continuous (hence
purely continuous by Proposition 1) then the spectrum of
Uα,ω in H has a continuous component.
Pure continuity of the spectrum of Uα,ω does not by
necessity entail pure continuity of the spectrum of Uα,ω
in the orthogonal complement H⊥0 of H0; the latter may
still have a pure point component. This is somehow
related to ergodicity of the classical description of SM
9models. Ergodicity is a capital notion in the theory of
classical dynamical systems, and can be stated in purely
spectral terms: Sα,ω is ergodic, if and only if 1 is a sim-
ple proper eigenvalue of Uα,ω [45]. Since SM models
bear a quantum–classical juxtaposition, a natural ques-
tion arises, how would ergodicity in the classical descrip-
tion of SM models be mirrored in the quantum descrip-
tion of SM models. The following result presents a partial
answer. Loosely speaking, an operator in H is fibered,
if it does not couple different position eigenstates; more
properly, if it acts as in ψ(θ) 7→ O(θ)ψ(θ), where O is a
map from T2 to the 2× 2 matrices.
Proposition 3. If the dynamical system (Ω,Sα,ω) is er-
godic, then the spectrum of Uα,ω is continuous and ”fiber-
wise simple”; i.e., Uα,ω does not commute with any non-
trivial fibered linear operator.
Remark: This result cannot be reversed.
Though not necessary for the elaborations that follow,
it can be shown that the spectral properties of the Flo-
quet operator Uα,ω are related to the cohomology of the
classical dynamical system (Ω,Sα,ω); see Appendix A.
B. Unitary symmetry A and duality
We now focus on a special class of SM models, which
are exemplified by those considered in numerical experi-
ments. A SM model belongs to this class, if it is defined
by maps d that enjoy the following special symmetries:
(i) d1(θ) is odd wrt θ1 and even wrt θ2;
(ii) d2(θ) is even wrt θ1 and odd wrt θ2;
(iii) d3(θ) is even wrt both θ1 and θ2.
It has been previously found [11, 12] that such symme-
tries are crucial to the IQHE-like phenomenon in the
spinful QKR. SM models endowed with such symmetries
will be termed class-∗ models. The SM Models I, II and
III, as given in Eqs. (14), (15) and (16), are class-∗ mod-
els.
A key role will be played by the following Proposi-
tion 4, that crucially rests on the above conditions (i),
(ii) and (iii), and its corollaries.
Proposition 4. For any class-∗ model a unitary sym-
metry A [46] exists, such that
U †pi−α,ω = − A Uα,ω A , U †2pi−α,ω = A Uα,ω A . (24)
Proof : The first identity in Eq. (24) will be proven first;
the proof of the second is essentially identical. First of
all, from the general definition of Mα it follows that
M 2pi−α = M
†
α, M pi+α = −Mα, M †α = −M pi−α, (25)
which hold true independently of the symmetries of d.
Let Rη denote the reflection operator in a point η ∈ T2:
that is, (Rηψ)(θ) = ψ(2η − θ). From U †α,ω = T−ωM †α
and the third identity in Eq. (25), we obtain that
U †α,ω = − T−ω U pi−α,−ω Tω . (26)
Thanks to the assumed symmetries (i), (ii) and (iii), the
unitary operator B = σ3R0 commutes with Mα, and
BTωB
† = T−ω . As a result,
Uα,−ω = B Uα,ω B† . (27)
Applying this to the right-hand side of Eq. (26) gives
U †α,ω = −(T−ωB)U pi−α,ω (T−ωB)† . (28)
Therefore, the first identity in Eq. (24) is true with A
given by:
A = T−ωB = σ3T−ωR0 = σ3R−ω/2 . (29)
To prove the second identity in Eq. (24), we use the first
identity in Eq. (25) instead of the third. 2
Remark: Together with A2 = 1, Eq. (24) implies, in
particular, that the evolution operator iUα,ω at α = pi/2,
3pi/2, 0 and pi are time-reversal invariant. It is worth
noting that also the associated classical map which is
defined in Eq. (7) is time-reversal invariant; the time-
reversing involution is (θ, φ)→ (−θ −ω, −σ3φ).
The symmetry A establishes a ”duality” [39] between
models whose α values in [0, pi] are symmetric with re-
spect to pi/2. In other words, the model at a value α0 of
the parameter α is dual to the model at α = pi−α0. The
most immediate consequence of this duality is:
Eig(U pi−α,ω) = − Eig(Uα,ω) , (30)
because Eig(Uα,ω) is closed under complex conjugation,
thanks to the symmetry relation (5).
Models with α = pi/2 are self-dual. This self-dual sym-
metry, i.e. the aforementioned time-reversal invariance
has nontrivial consequences:
Corollary 1. If the operator U pi
2 ,ω
of a class-* model
has a non-empty point spectrum, then there is r ∈ Z2 so
that
Eig(U pi
2 ,ω
) =
{±i ei(n+r/2)·ω}
n∈Z2 . (31)
The corresponding eigenfunctions v±n satisfy:
Av±n (θ) = c
±
n e
i(2n+r)·θv±n (θ) with (c
±
n )
2 = ei(2n+r)·ω .
(32)
This corollary imposes quite demanding conditions on
self-dual eigenfunctions (if any). In the case of SM Model
III, they force the absence of proper eigenfunctions, so
pure spectral continuity follows:
Corollary 2. The operators Upi
2 ,ω
of SM Model III have
purely continuous spectra.
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For SM Model I we cannot assess the spectral type of
Upi
2 ,ω
. However the following weaker result has crucial
dynamical consequences:
Corollary 3. If Upi
2 ,ω
of SM Model I has any proper
eigenfunctions u, then such eigenfunctions are “delocal-
ized”, in the sense that E1,2(u) = +∞, where Ej are
defined in Eq. (12).
A proper mathematical statement should be: u does
not belong to the domain of the momentum operators.
C. Spectral properties vs dynamical delocalization
The exact spectral results presented above provide a
basis for the study of the dynamical delocalization which
is observed in numerical experiments. It is important to
point out that while such exact results hold for any in-
commensurate triple (ω1, ω2, pi), the same is not true of
other more detailed results to be discussed in this sub-
section, which strongly rely on the value of ω chosen as
in Sec. III B 1, and can reasonably be taken as represen-
tatives of a wide class of strongly incommensurate situa-
tions.
Based on the definition (12) of Ej (j = 1, 2) and
E, we give a precise definition of dynamical delocaliza-
tion/localization in momentum space. For given α,ω,
the quantum dynamics ψt = U
t
α,ω ψ (t ∈ Z) will be said
to exhibit dynamical delocalization if for any ψ such that
E(ψ) < +∞ the following relation holds:
lim sup
t→∞
E(ψt) = +∞ (33)
On the opposite, it will be said to exhibit dynamical lo-
calization whenever the right-hand side is finite. It is im-
portant to note that if Ej(ψ) < +∞ , then Ej(ψt) < +∞
at all times whenever the map Mα(θ) that defines a SM
model is smooth. This is not the case, e.g. with SM
Model III, where dynamical delocalization is somewhat
trivial, as it will be shown below in Sec. VI E. Next
we recall that dynamical localization implies pure point
spectra, and, equivalently, continuous spectra imply dy-
namical delocalization [8]. So, for SM Model I (away from
critical points) and Model II, we have strong numerical
evidence of pure point spectra, because dynamical local-
ization is clearly observed numerically. However, we have
no mathematical proof (except, of course, in the trivial
cases when α = npi, n ∈ Z). Delocalization is produced
by continuous spectra, but it can also occur with pure
point spectra, for various reasons, e.g. non-uniform lo-
calization of proper eigenfunctions in momentum space,
or else ”delocalization” of eigenfunctions: meaning that
proper eigenfunctions, although normalizable (i.e. not
extended) do not yield a finite expectation value for the
squared momentum operator. This follows from a gen-
eral fact, which in our case can be stated as follows:
Proposition 5. Let the spectrum of a unitary operator
U in H be simple and pure point, with delocalized proper
eigenfunctions. Then the quantum evolution that is gen-
erated by U in H is dynamically delocalized.
A compact proof of this standard result is given in
Sec. VI. In view of Corollary 3, this may be the case
with SM Model I at the critical point α = pi/2, which is
self-dual. So, even though we cannot exactly assess the
spectral type of that model, we can nevertheless state the
following exact result, that provides a rigorous confirma-
tion for numerical observations:
Proposition 6. SM Model I is dynamically delocalized
at the self-dual critical point α = pi/2.
Proof : Should the spectrum of U pi
2 ,ω
be pure point,
the claim would immediately follow from Corollary 3
and Proposition 5. The one possible alternative is pure
continuity, by spectral dichotomy. If that were the case,
then the claim would be trivial. 2
For SM Model III the situation is simpler:
Proposition 7. SM Model III is dynamically delocalized
at all α 6= npi, n ∈ Z. At least at the critical values of α,
the spectrum is purely continuous.
Proof : Delocalization follows from the fact thatMα(θ)
exhibits points of essential discontinuity, i.e. points
where it has infinitely many distinct limit values. Such
are the points where the normalization factor p(θ) van-
ishes. Whatever the initial state ψ, due to the very def-
inition of Uα,ω such discontinuities are sooner or later
transferred to ψt whenever α 6= npi, and they cannot be
removed by re-defining ψt in a set of measure zero. In
contrast, a state for which Ej has a finite value must
be defined by functions which are, almost everywhere at
least, equal to everywhere continuous functions. Conti-
nuity of the spectrum is proven in Sec. VI E. 2
This result receives intuitive support in the tight-
binding-like formulation of the SM model in Appendix
B, because in the presence of discontinuities the hopping
terms in the lattice Hamiltonian (B2) quite slowly decay
at long distances in momentum space.
Though not proven, continuity of the spectrum of SM
Model I at the critical point is numerically supported, as
follows. For integer t and ψ ∈ H, let us define:
P (ψ, t) ≡ 1
t
t−1∑
s=0
|〈ψ|ψs〉H|2 ,
where α,ω are left understood, and as usual ψs = U
s
α,ωψ.
This is the time-averaged probability of survival in the
initial state ψ. Wiener’s theorem [8] states that
lim
t→∞P (ψ, t) =
∑
k
|〈uk|ψ〉H|4 , (34)
where the sum on the right-hand side is over all the
proper eigenvectors uk of the Floquet operator Uα,ω
(with an arbitrary numbering). Vanishing of the limit
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in the left-hand side of Eq. (34) is thus a necessary and
sufficient condition for pure continuity of the spectrum.
Numerical results of 2D simulations for P (ψ, t) are shown
in Fig. 6 for SM Models I and III, with ψ chosen to be
the n1 = n2 = 0 state, which is constant over T2. As
shown in (a), for SM Model I and noncritical α, P (ψ, t)
clearly stabilizes at large t, consistently with the pure
point spectrum that is implied by the observed dynam-
ical localization. At critical α, P (ψ, t) appears to decay
∝ t−ν with ν equal or close to 1 (a final slight deviation
is probably due to finite-basis effects). Such decay is al-
most identical to the one which is observed for SM Model
III at same α [shown in (b)], where continuous spectrum
is exactly proven. On such grounds spectral continuity
of the critical model I is convincingly supported.
Next we address the subtler question, whether the
spectrum of the critical model is absolutely continuous
(a.c.) or singular continuous (s.c.). The latter type of
spectrum is characterized by the fact that, despite con-
tinuity, the spectral expansions of states ψ ∈ H con-
cede positive (nonzero) weight to regions of the spectrum
which have zero measure as subsets of the unit circle
{eiχ, χ ∈ R}. It is frequently associated with Cantor-like
structures and multifractality. No exact analysis will be
attempted here. However, the absence of s.c. spectrum
– hence, pure absolute continuity of the spectrum – in
the critical model I is numerically supported as follows.
It is an exact result [47] that the decay exponent ν of
P (ψ, t) is equal to the multifractal dimension D2 of the
local density of states (LDOS) associated with the state
ψ; and D2 = 1 is a strong indication [48] that the con-
tinuous spectrum is actually a.c.. This appears to be the
case with SM Model I at criticality, because D2 = ν ≈ 1
according to Fig. 6.
D. Quantum transport from a.c. spectrum
We finally address quantum transport and show that
numerical results are consistent with a.c. spectrum.
WheneverMα is a smooth function, the propagation over
the 2D N -lattice is subject to a ballistic bound; that is,
the asymptotic growth of E(ψt) cannot be faster than
quadratic in time. This follows from Eq. (12), and is
equivalent to the fact that classical trajectories can be lin-
early unstable at most [see the comments after Eq. (50)].
The transport on the 1D momentum lattice which is asso-
ciated with the standard Maryland model and the QKR
model are also subject to a ballistic bound. The following
lower bound is valid for transport over discrete lattices
of arbitrary dimension D induced by a unitary evolution
group with a.c. spectrum [8, 49]:
1
t
t−1∑
s=0
E(ψs) ≥ const. t 2D , (t→∞) . (35)
where E(ψ) is the D-dimensional generalization of the
definition in Eq. (12). With D = 1, and in the pres-
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FIG. 6: 2D simulation of the quantum evolution of an initial
state ψ localized at n1 = n2 = 0 for different α. The results
for the decay of the corresponding survival probabilities for
SM Models I and III (with d3 = 0) are shown in (a) and (b),
respectively. In both cases, ω = (2pix, 2pix2) (see text for the
value of x).
ence of a ballistic bound, this inequality shows that a.c.
spectra enforce ballistic transport [50]. Not so in higher
dimension; for example, with D = 3 it has been proved
[51] that a.c. spectra can coexist with different diffu-
sion exponents. In SM models the ballistic bound is
attained, whenever (ω1, ω2, pi) is a commensurate triple.
Then the quantum evolution enjoys translation invari-
ance in momentum space, leading to band a.c. spectra
and quadratic growth of E(ψt). This scenario resem-
bles the well-known ”quantum resonances” of the QKR
[52, 53], but the band structure is likely to be much
more complex. This issue will not be investigated in the
present paper, which is restricted to the incommensurate
case. In the strongly incommensurate situations which
were numerically simulated, SM Model I at the critical
value of α exhibits diffusive (or close to diffusive) trans-
port, i.e. the long-time growth of E(ψt) and E1,2(ψt) is
linear in time. It is not isotropic in momentum space,
and the degree of anisotropy depends on the choice of ω;
however, it should be noted that diffusion is not restricted
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to special directions. Diffusive growth is consistent with
the bound (35) with D = 2. The following heuristic ar-
gument indicates that indeed it is compatible with a.c.
spectrum (in this case). We start with the equation:
Ej(ψt) =
∥∥ t−1∑
s=0
Usα,ωHj
∥∥2
H
+
∥∥ t−1∑
s=0
Usα,ωKj
∥∥2
H
, (36)
which is derived in Sec. V exploiting the classical pic-
ture of SM models. The functions Hj = Hj(θ,φ),
Kj = Kj(θ,φ) are defined on the phase space Ω of
the classical model and are specified immediately after
Eq. (41). Their explicit forms are not important here,
beyond the easily checked fact that they are orthogonal
to the subspace of the spin-independent functions, where
Uα,ω has a pure point spectrum according to Proposition
2. If the spectrum of Uα,ω is a.c., then the spectrum of
Uα,ω has an a.c. component too (see the statement in
the beginning of Sec. VI B). Then a formal elaboration
can be implemented. Let eiχ denote generalized eigen-
values of Uα,ω, and |χ, ξ〉 the corresponding generalized
eigenvectors in Dirac notation; ξ collectively denotes any
additional quantum numbers. Then
‖
t−1∑
s=0
Usα,ωHj ‖2H =
∫ 2pi
0
dχ
sin2
(
χt
2
)
sin2
(
χ
2
) ΛHj (χ) . (37)
where ΛHj (χ) ≡
∑
ξ |〈χ, ξ|Hj〉|2 is the LDOS of |Hj〉 wrtUα,ω. Under the assumption of a.c. spectrum, this is
an ordinary function (i.e. it is not Dirac δ-like or fractal-
like), which will be further assumed to be smooth. A fully
similar equation holds for the functions Kj . The fraction
under the integral sign in the right-hand side of Eq. (37),
divided by 2pit, in the limit t → ∞ tends to a Dirac
δ. Then Eq. (36) shows that the asymptotic growth of
E(ψt) is linear in time. This result for SM models is not
generic for quantum dynamics on 2D lattices, as it rests
on the classical description of SM models which underlies
Eq. (36).
V. EQUIVALENT CLASSICAL DESCRIPTION
OF QUANTUM TRANSPORT
In Sec. II it was shown that SM models can be viewed
from either a ”quantum” viewpoint or from a ”classi-
cal”. Combined with spectral theory, this offers advan-
tages for exploring the SM dynamics from different per-
spectives. In particular, in this section we show that
the quantum transport in momentum space is translated
into instability of trajectories (θt,φt) := Stα,ω(θ,φ) in
the phase space Ω. It is assumed throughout this section
that Mα(θ) is everywhere differentiable in T2.
A. Instability of classical trajectories
The linear stability of a trajectory (θt,φt) is de-
termined by the behavior in time of the derivatives
∂θjφt(θ,φ) with j = 1, 2. From the classical dynamical
equation (7) it follows that
∂θjφt+1 = Mα(θt+1)∂θjφt + (∂θjMα(θt+1)) φt . (38)
Define vectors ξj,t ∈ C2 as follows:
∂θjφt = T
t∏
s=0
Mα(θs) ξj,t , (39)
where ξj,0 = 0. Then by performing the summation:∑t−1
s=0 ∂θjφs, for which ∂θjφs is substituted by Eq. (39),
we obtain that
φ0 · ξj,t =
t−1∑
s=0
Hj(θs,φs) (40)
and, similarly,
ρφ0 · ξj,t =
t−1∑
s=0
Kj(θs,φs) , (41)
where Hj(θ,φ) = φ · M †α(θ + ω)∂θjMα(θ + ω)φ and
Kj(θ,φ) = ρφ ·M †α(θ + ω)∂θjMα(θ + ω)φ. Because of
ρφ0 · φ0 = 0, taking squared moduli in both equations,
and summing them together, we obtain that
|∂θjφt|2 = |ξj,t|2 =
∣∣t−1∑
s=0
Hj(θs,φs)
∣∣2 + ∣∣t−1∑
s=0
Kj(θs,φs)
∣∣2,
(42)
where | · | stands for the C2 norm. As Hj ,Kj are by as-
sumption bounded functions, this result shows that tra-
jectories (θt,φt) are, at worst, linearly unstable, in sharp
contrast to the exponential instability of trajectories for
dynamical chaos [6].
To proceed we let
Gψ,t(θ,φ) := (U−tα,ωGψ)(θ,φ) = Gψ(Stα,ω(θ,φ))
= Gψ(θt,φt) (43)
with the function Gψ defined as in Eq. (10). Taking the
derivative wrt θj on both sides, we obtain that
∂θjGψ,t(θ,φ) = ψ(θt) · ∂θjφt + ∂θjψ(θt) · φt . (44)
On the other hand, thanks to Eq. (11) Gψ,t(θ,φ) =
ψ−t(θ) · φ, where the initial spinor ψ0 ≡ ψ. Taking the
derivative wrt θj on both sides of this equation entails
∂θjGψ,t(θ,φ) = ∂θjψ−t(θ) · φ . (45)
Choosing the initial spinor ψ to be independent of θ and
equating Eqs. (44) and (45), we obtain that
∂θjφt(θ,φ) · ψ = φ · ∂θjψ−t(θ) . (46)
Replacing ψ by ρψ, a short calculation shows that
∂θjφt(θ,φ) · ρψ = −∂θjψ−t(θ) · ρφ. (47)
Summing squared moduli in the last two equations yields
|∂θjφt(θ,φ)|2 = |∂θjψ−t(θ)|2 . (48)
This identity has the important consequence, that nei-
ther the left-hand side nor the right-hand side depends
on the choice of φ and of the initial constant spinor ψ.
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B. Derivation of Eq. (36)
Combining Eq. (48) with Eq. (12), we obtain:
Ej(ψ−t) =
∫
T2
dm(θ) |∂θjφt(θ,φ)|2
=
∫
Ω
dµ(θ,φ) |∂θjφt(θ,φ)|2 , (49)
where the second line is obtained by performing an ad-
ditional integral wrt φ, which is legitimate because, as
noted above, the integrand is independent of φ. With
the substitution of Eq. (42), Eq. (49) reduces to
Ej(ψ−t) =
∥∥ t−1∑
s=0
U−sα,ωHj
∥∥2
H
+
∥∥ t−1∑
s=0
U−sα,ωKj
∥∥2
H
(50)
or equivalently, Eq. (36). Equation (49) establishes
the announced juxtaposition between quantum transport
and instability of classical trajectories. Moreover, from
Eq. (50) or (36) it follows that, for the SM model, the
quantum transport in momentum space is never faster
than ballistic. It is worth mentioning that if the equiv-
alent classical dynamical systems of SM models were
known to be ergodic then Eq. (50) or (36) would entail
sub-ballistic transport, because the phase space averages
of both Hj and Kj vanish, and the same would be true
for their time averages.
VI. PROOFS OF SOME MATHEMATICAL
RESULTS
Here we present proofs of some mathematical results
presented in Sec. IV. The readers who are not interested
in mathematical details can skip this section.
A. Proof of Proposition 1
Here an extended version of Proposition 1 will be
proven. It includes the statement, that if the spectrum is
continuous, then it is either purely absolutely continuous,
or purely singular continuous.
(i) Let u(θ) ∈ H1 := {ψ ∈ H : ψ(θ) ∈ C21 ,∀θ},
and for any n ∈ Z2 define vectors u+,n := ein·θu and
u−,n := ρu+,n = e−in·θρu. Then the vectors {u±,n}n∈Z2
are a total set of vectors in H. To see this, let Ψ ∈ H be
orthogonal to all vectors u±,n . In particular,∫
T2
dm(θ) ein·θ Ψ(θ) · u(θ) = 0, ∀n ∈ Z2 . (51)
As u(θ) never vanishes, completeness of the Fourier basis
entails that Ψ(θ) is almost everywhere in T2 orthogonal
to u(θ). Hence Ψ is a multiple of ρu, because the latter
vector, together with u, makes a basis for C2. So Ψ =
c(θ)ρu where c(θ) is some measurable function. By the
same argument, one has∫
T2
dm(θ) e−in·θ Ψ(θ) · ρu(θ) = 0, ∀n ∈ Z2 , (52)
from which it follows that Ψ must also be a scalar mul-
tiple of u: this is possible if and only if c(θ) ≡ 0. Thus
Eqs. (51) and (52) can be satisfied simultaneously, if and
only if Ψ(θ) ≡ 0 .
Next, for any t ∈ Z, consider the correlations:
R±,n(t) = 〈u±,n | U tα,ωu±,n〉H . (53)
It is a basic notion in spectral theory [54] that such cor-
relations are Fourier transforms of the spectral measures
of the vectors u±,n (also known as LDOS). From the def-
inition of Uα,ω and from Eq. (5), it follows that
R+,n(t) = R∗−,n(t) = e−in·ωtR+,0(t). (54)
This shows that the spectral measures of all vectors u±,n
can be obtained from the spectral measure of any single
one of them, say u+,0 , by irrational rotations and conju-
gation in the unit circle. As these two operations cannot
change the nature of the spectral measure (pure point,
absolutely or singular continuous), and {u±,n}n∈Z2 is a
total set, purity of the spectrum follows. Furthermore,
since the set {ein·ω}n∈Z2 is dense in C1, the closure of
the spectrum is always the full unit circle.
(ii) If the spectrum is pure point, then let u(θ) be
an eigenvector, with eigenvalue eiλ. Its C2 norm is con-
stant, as it can be seen on taking norms of both sides
of Mαu(θ − ω) = eiλu(θ) and then using ergodicity of
the ω-shift τω. From the definition of Uα,ω, it immedi-
ately follows that u±,n is an eigenvector, with eigenvalue
e±iλ∓in·ω . Since {u±,n}n∈Z2 is a total set, Eq. (22) fol-
lows. 2
B. Proof of Proposition 2
Here an extended version of the Proposition is proven.
It includes a proof that the continuous component of
the spectrum of Uα,ω shares the type (s.c. or a.c.) of
the spectrum of Uα,ω. The functions e
in·θ , (n ∈ Z2)
are a complete basis of H0, so claim (i) follows from
Uα,ωein·θ = e−in·ωein·θ .
Next, let p, q be nonnegative integers, j, k = ±1, and
ψ(θ) ∈ H. The functions
Fn,j,k,p,q,ψ(θ,φ) = e
in·θ [ψ(j)(θ) · φ]p[φ · ψ(k)(θ)]q (55)
with ψ(−1) = ψ, ψ(+1) = ρψ, p + q 6= 0, are a total set
in H⊥0 whenever ψ(θ) is almost everywhere nonzero; this
directly follows, e.g. from the complex Stone-Weierstrass
theorem [54]. Next, thanks to Eq. (11) we note that
Uα,ω(Fn,j,k,p,q,ψ) = e−in·ωFn,j,k,p,q,ψ′ , (56)
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where ψ ′ = Uα,ωψ.
On one branch of the dichotomy, the spectrum of
Uα,ω is pure point. Let ψ be the eigenfunction of
Uα,ω with eigenvalue e
iλ. From Eq. (56) it then follows
that Fn,j,k,p,q,ψ is the eigenfunction of Uα,ω with eigen-
value ei[λ(jp−kq)−n·ω]. This holds true for all n, j, k, p, q;
moreover, eigenfunctions of Uα,ω are almost everywhere
nonzero (owing to ergodicity of ω-shift in T2), so the
pure point spectral subspace of Uα,ω restricted on H⊥0
includes a total set. Thus the spectrum of Uα,ω in H⊥0
is pure point also. In combination with (i) this leads to
(ii).
On the other branch of the dichotomy, the spectrum
of Uα,ω is purely continuous. Denote
Gψ(θ,φ) = ψ(θ) · φ , (57)
which is the function (55) with n = 0, j = −1, p = 1, q =
0. Then for any t ∈ Z:
〈Gψ |U tα,ωGψ 〉H =
∫
Ω
dµ(θ,φ) [ψ(θ) · φ][φ · U tα,ωψ(θ)]
= 12
∫
T2
dm(θ) ψ(θ) · U tα,ωψ(θ)
= 12 〈ψ |U tα,ωψ〉H . (58)
Therefore, the spectral measure of G wrt Uα,ω is – apart
from normalization – the same as the spectral measure
of ψ wrt Uα,ω. So (iii) and its extended version, claimed
at the beginning of this subsection, follow. 2
C. Proof of Proposition 3
It will be shown that ifUα,ω has a proper eigenfunction
u, and (or) Uα,ω commutes with a nontrivial (linear)
fibered operator B, then (Ω,Sα,ω) is not ergodic.
By the very definition of ergodicity, (Ω,Sα,ω) cannot
be ergodic, if invariant functions exist, which are not al-
most everywhere constant. If Uα,ω has an eigenfunction
u, then F (θ,u) = |u(θ) · φ| is a nonconstant invariant
function on Ω. On the other hand, if Uα,ω commutes
with a fibered operator B then the following “covariance
relation” holds:
B(θ) = Mα(θ)B(θ − ω)Mα(θ)−1 , ∀θ ∈ T2 . (59)
Then a simple calculation shows that the function that
is defined on Ω by F (θ,φ) = B(θ)φ · φ is not constant
(because B is nontrivial), yet it is invariant under the
map Sα,ω. 2
D. Proof of Corollary 1
The proof consists of two parts.
(i) Let u be an eigenvector of Uα,ω , and e
iχ the cor-
responding eigenvalue. Thanks to the first identity in
Eq. (24), Au is an eigenvector of Upi−α,ω , with eigenvalue
e−iχ+ipi. Since (ω1, ω2, pi) is an incommensurate triple,
it easily follows from Eq. (22) that, if Eig(Upi
2 ,ω
) is not
empty, then there are some p, q ∈ Z2 so that χ = λ+p·ω
and −χ+ pi = λ+ q · ω. Adding these two equalities to-
gether gives pi = 2λ+(p+q)·ω. Thus there is some r ∈ Z2
so that λ in Eq. (22) can be expressed as λ = pi/2+r·ω/2.
Thus the spectrum is as declared in Eq. (31) and it is not
degenerate, see remark (i) following Proposition 1.
(ii) Let v±n be an eigenvector of Upi2 ,ω that corresponds
to the eigenvalue ±iei(n+r/2)·ω ; then thanks to the first
identity in Eq. (24), Av±n is an eigenvector that corre-
sponds to the eigenvalue ±ie−i(n+r/2)·ω . On the other
hand, by the following relation:
Upi
2 ,ω
v±n (θ)e
i(2n+r)·θ = Mpi
2
v±n (θ − ω)ei(2n+r)·(θ−ω)
= ±iei(n+r/2)·ωv±n (θ)ei(2n+r)·(θ−ω)
= ±ie−i(n+r/2)·ωv±n (θ)ei(2n+r)·θ (60)
one finds that v±n e
i(2n+r)·θ is an eigenvector that has
the same eigenvalue as Av±n . Since, as it was noted
above, the spectrum is not degenerate, the two eigen-
vectors must coincide up to a constant phase factor c.
Equation (32) directly follows. The statement about the
factor c = c±n in Eq. (32) is obtained by operating with A
on both sides of the first equation in (32), and thereafter
using the same Eq. (32) in the thus obtained equation.
2
E. Proof of Corollary 2
The operator Upi
2 ,ω
of SM Model III is denoted by U.
We shall prove that the spectrum of U is continuous, first
with d3 = 0, and then with d3 = cos θ1 + cos θ2.
(i) d3 = 0. The corresponding operator M pi2 is
M pi
2
=
(
0 −ie−iΦ(θ)
−ieiΦ(θ) 0
)
=:M, (61)
where Φ(θ) is the argument of the complex number
sin(θ1) + i sin(θ2). Continuity of the spectrum of U will
be proven by contradiction. Assume the spectrum to
be pure point. Due to Eq. (31), U has an eigenvalue
ieir·ω/2 with a corresponding eigenfunction denoted by
u = (u1, u2)
T = v+0 (T denotes the transpose). The lat-
ter satisfies
∀θ ∈ T2 : eir·ω/2u(θ) = −iM(θ)u(θ −ω) (62)
⇔
{
eir·ω/2u1(θ) = −iM12(θ)u2(θ −ω)
eir·ω/2u2(θ) = −iM21(θ)u1(θ −ω) . (63)
So from M12M21 = −1 it follows that
u1(θ)u2(θ) = e
−ir·ωu1(θ −ω)u2(θ −ω). (64)
This entails
u1(θ)u2(θ) = c1e
−ir·θ, (65)
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where c1 6= 0 is a constant.
On the other hand, from Eq. (32) it follows that
u2(−ω − θ) = −eir·ω/2eir·θu2(θ). (66)
Combining this with the first equation in (63) gives
u2(θ) = −e−ir·θM21(θ)u1(−θ). (67)
With this substitution Eq. (65) reduces to
u1(θ)u1(−θ) = −ic1 M12(θ) . (68)
This is impossible, because the left-hand side is even
wrt θ, while the right-hand side is odd for M12(−θ) =
−M12(θ).
(ii) d3 = cos(θ1) + cos(θ2). We generalize the proof
of case (i). Assume the spectrum to be pure point.
Then one can easily check that for θ in the contour C
defined as {θ ∈ T2 : cos(θ1) + cos(θ2) = 0}, Eq. (68)
still follows (the constant c1 is in general different). On
the other hand, because the contour C has the inversion
symmetry, if θ ∈ C then −θ ∈ C. So, by the same
arguments as above, Eq. (68) cannot be true for θ ∈ C.
This contradiction proves the continuity of the spectrum
of U. 2
F. Proof of Corollary 3
It is sufficient to consider the eigenfunction v+0 , which
will be denoted by v to make all formulae compact. From
Eq. (31) it follows that
M pi
2
(θ)v(θ −ω) = ieir·ω/2 v(θ). (69)
Moreover, applying Eqs. (29) and (32) gives
v(θ −ω) = c+0 e−ir·θ σ3 v(−θ) . (70)
With the substitution of Eq. (70), Eq. (69) reduces to
−iM pi
2
(θ)σ3v(−θ) = (c+0 )−1eir·ω/2eir·θv(θ) . (71)
Let this equation be written at four points: ϑ0 ≡ (0, 0),
ϑ1 ≡ (0, pi), ϑ3 ≡ (pi, 0), and ϑ3 ≡ (pi, pi). At each such
point, Eq. (14) yields that iM pi
2
(ϑj)σ3 = d3(ϑj)I. In
addition,
d3(ϑ0) = −1 , d3(ϑj) = 1 , (j = 1, 2, 3) . (72)
So, if v is continuous at ϑ0, then c
+
0 v(ϑ0) =
eir·ω/2v(ϑ0). This forces the choice c+0 = e
ir·ω/2 [note
that from Eq. (32) c+0 = ±eir·ω/2], because v does not
vanish at any point in T2. With this choice and the sub-
stitution of Eq. (72), Eq. (71) entails:
v(ϑj) = −eir·ϑj v(ϑj), j = 1, 2, 3, (73)
provided that v is continuous at such points. If true
for j = 1, 2 , this equality requires both r1 and r2
[r ≡ (r1, r2)] to be odd integers; but then it cannot be
satisfied for j = 3. This contradiction implies that the
eigenfunction has a non-removable discontinuity at one
at least of the four points ϑj (j = 0, 1, 2, 3). Using ergod-
icity of τω it is not difficult to prove that this forces the
eigenfunction to be actually discontinuous at all points.
This will not be shown here [55]. Anyway, non-removable
discontinuities cause delocalization of the eigenfunction,
as they forbid finite expectation values for the momen-
tum operators, which involve derivatives [56].
G. Proof of Proposition 5
By assumption, no eigenfunction belongs in the do-
main of the momentum operators, that is defined as
{ψ ∈ H : Ej(ψ) < +∞} where j = 1 or 2 [recall Eq. (12)
for the definition of Ej(ψ)]. Let the initial state ψ be in
this domain and ψt = U
tψ. For any a > 0 we construct
a subset of H, defined as Ka := {ψ ∈ H : Ej(ψ) ≤ a}.
This subset is compact. Assume – in contradiction to
Eq. (33) – that dynamical localization follows. Then a
can be chosen so that ψt ∈ Ka, ∀t ∈ Z. Let eiχ be any
eigenvalue of U ; obviously, e−iχtψt ∈ Ka. Now E
1
2
j (ψ) is
subaddittive, so we have:
E
1
2
j (
1
t
t−1∑
s=0
e−iχtψt) ≤ 1t
t−1∑
s=0
E
1
2
j (e
−iχtψt). (74)
Thus E
1
2
j (
1
t
∑t−1
s=0 e
−iχtψt) ≤ a, and so
1
t
t−1∑
s=0
e−iχtψt ∈ Ka. (75)
Thanks to von Neumann’s mean ergodic theorem [54],
in the limit t → +∞ the left-hand side of the above
equation tends in H to the projection of the initial state
ψ on the e−iχ eigenspace. So, since the spectrum is
nondegenerate, the limit of Eq. (75) is a scalar multiple
of the eigenfunction. On the other hand, the limit has to
be in Ka due to compactness; and this is a contradiction,
because no eigenfunction of U can be in Ka. 2
VII. CONCLUSION
In this paper, we have shown that, when the 2D Mary-
land model is endowed with spin 1/2, rich dynamical lo-
calization/delocalization phenomena arise. In particular,
in the family of SM Model I, dynamical localization–
delocalization transitions are found to appear at half-
integer ~−1e . Moreover, as a spinful QKR exhibiting ~e-
driven IQHE is deformed continuously into the consid-
ered SM model, its topological phases are deformed con-
tinuously into the localized phases of the latter, although
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we have not been able to identify the topological invari-
ant for the latter systems. Because dynamical properties
of SM models and spinful QKR are very different and so
the topological theory [11, 12] developed for spinful QKR
does not apply here, the present findings imply that the
striking similarity between IQHE on the one side and
spinful QKR on the other has a deeper origin, and may
be carried to a broader class of dynamical spin systems.
We have uncovered a self-duality underlying the ob-
served dynamical transition: the dynamically localized
phases on both sides of a critical point are dual in accor-
dance with Proposition 4, while the critical delocalized
phase is self-dual and as such bears an emergent unitary
symmetry. This scenario of dynamical transition is con-
ceptually different from Anderson-like dynamical transi-
tion observed in high-dimensional spinless QKR systems
[40, 58, 59]; it goes far beyond the Landau-Ginzburg
paradigm of phase transition which finds its origin in
symmetry breaking. It remains a prominent issue to ex-
plore the applications of this new transition scenario in
other quantum dynamical systems and its relations to
topological transitions in spinful QKR.
Finally, we note that the SM model has an equivalent
classical dynamical system for any ~e values. This classi-
cal system belongs to a special class of skew product on
TD × G with G a compact Lie group in general, which
are currently investigated by mathematicians: SM mod-
els correspond to D = 2 and G = SU(2). In the language
of skew-product systems, the transition in quantum dy-
namics is translated into the transition in the stability
of classical trajectories in phase space. In-depth investi-
gations of this aspect may allow one to view topological
quantum phenomena such as IQHE from the perspectives
of skew products on TD ×G and vice versa.
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Appendix A: Spectral theory and cohomology
Two maps M ,M ′ : T2 → SU(2) can be said to be
ω-cohomologous [34], if there is a map V : T2 → SU(2)
so that the classical dynamical systems on Ω correspond-
ing to M ,M ′ are isomorphic under the fiber-preserving
isomorphism (θ,φ) 7→ (θ,V (θ)φ). Equivalently, if, ∀θ:
M(θ) = V (θ)M ′(θ)V −1(θ − ω). (A1)
In other words, M , M ′ are ω-cohomologous if, and only
if, the corresponding operators UM,ω, UM ′,ω are unitar-
ily equivalent: UM,ω = V UM ′,ωV
−1, where V is a uni-
tary fiber-preserving operator and UM,ω := MTω with
the Floquet operator Uα,ω = MαTω as a special case.
It is then easy to see that Uα,ω has a pure point spec-
trum (22) if, and only if, Mα is ω-cohomologous to the
constant SU(2) matrix that is diagonal on the canoni-
cal basis, with eigenvalues eiχ, e−iχ; where V (θ) is the
SU(2) matrix that changes the local (u(θ),ρu(θ)) ba-
sis into the canonical basis. This leads to the following
formulation of the quantum dynamics:
(Uα,ωψ)(θ) = e
iχ[u(θ − ω) · ψ(θ − ω)]u(θ)
+ e−iχ[ρu(θ − ω) · ψ(θ − ω)]ρu(θ).(A2)
Appendix B: Fishman-Grempel-Prange formulation
of SM models
Let U  denote the inverse Cayley transform of a uni-
tary operator U in H: that is, the self-adjoint operator
which is defined by
U  = i (I − U ) (I + U )−1 ,
U = (i − U ) (i + U )−1 . (B1)
The eigenvalue equation MαTωu = e
iλu is easily seen
to be equivalent toHu = 0, whereH = M α+(Tωe
−iλ).
This formulation was first worked out by Fishman, Grem-
pel and Prange for standard QKR [2]. In the momentum-
spin representation, with basis vectors |N , s〉 (N ∈ Z2,
s = 1, 2), matrix elements of H are easily computed:
〈N , s|H |N ′, s′〉 = δss′δNN ′ tanN · ω/2− λ/2) +
− tan(α/2)
3∑
k=1
〈s|σk|s′〉 dˆk(N −N ′) , (B2)
where dˆk(.) are the 2D Fourier coefficients of the function
dk(θ). This can be read as a Hamiltonian for a spin 1/2
particle on a 2D discrete lattice, and resembles a tight-
binding model in solid state physics. Like in the spinless
Maryland model, the first term is a spin-independent,
on-site potential in the N -space. It is quasi-periodic, so
long as ω is incommensurate. The second term describes
hopping as well as spin coupling between different sites.
It decays with the distance: |N − N ′| the faster, the
smoother the functions dk(θ) are.
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